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Abstract 

In my previous paper of K.Horihata [9], we have proposed a Ginzburg- 
Landau type heat flow with a time-dependent parameter and then 
passing to the limit of the parameter appeared in it, we have con¬ 
structed a harmonic heat flow into spheres. By using this scheme, we 
establish a few energy inequalities: 

(i) monotonical inequalities and 

(ii) a reverse Poincare inequality at any boundary point. 

Furthermore we assert that these inequalities (i) and (ii) derive 

the smaller estimates on the set of noncontinuous points for our flow 
contrast to the former results. We refer to them by Y.Chen [2] and 
Y.Chen, J.Li, F.H.Lin [3]. Next we introduce two conditions for the 
whole domain’s regularity for it; The one is a boundary energy small¬ 
ness and the another is an one-sided condition proposed by S.Hildebrandt 
and K.-O.Widman [8]. 

1 Introduction. 

A previous paper: K.Horihata [9], constructed a harmonic heat flow between 
d-dimensional unit ball and D-dimensional unit sphere with 

(i) a global energy inequality, 

(ii) a monotonical inequality 

(iii) a reverse Poincare inequality 
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and showed the flow is smooth except a small singular set. This paper dis¬ 
cusses a partial regularity for such a flow from C^-domain in to the D- 
dimensional unit sphere and then state two condition for the whole domain’s 
smoothness for it under a certain hypothesis: For any point Xq G dQ, there 
exist a neighbourhood U{xq) and C^-diffeomorphism between U{xq) and 
R'’*, writing 


y = {y\yd) = - (t^xo^x')) 

{y = {y\yd) e x = {x',xd) e u{xo)) 

whereupon writing xq = {xQ,Xd,o), a suitable C^-function (p^o on U{xo) H Rq 
satisfies 

Mx'o) = 0, V0^o(xo) = 0, 

d-l 

^ ViVj0c,o(xo)(x'-a;o)i(a:'-Xo)j > 9o\x'- x'^l'^ (B) 

*j=i 

for any point x = {x',Xd) G U{xo) fl dfl, where a positive constant 6*o is 
independent of xq. We call the condition our the boundary [B). 

We rigorously state our problem and results: Let and be respectively 
the C'^-domain in R'’* {not always bounded) and the unit sphere in R^+^ 
and a parabolic cylinder Q{T) be (0,T) x where d and D are positive 
integers greater than or equal to 2. Consider the Sobolev class 
:= {u G L{n n 5„(0); R^+i), Vm G (f2; R^+i) ; |m| = 1 a.e. x G n}. 

for any positive integer n, where k is any nonnegative and p is positive integers 
greater than equal to 1. Giving a mapping mq G §^), we consider 

the heat flow: 


^ = Au+ \Vu\^u 

ot 

in Q{T), 

(1.1) 

m(0,x) = Uq{x) 

at {0} X D, 

u{t,x) = Uo{x) 

on [0, T) X dfl. 



Define three function classes: 

:= {u\u is measurable from [0,T] to 

:= |m G L^(D;R^+^); du/dt G L2(Q(T);R^+^)| 

Vb{Q{T);S^) := L°^{0,T;Hl^\n;S^))nH^’^{0,T;Ll{n;R^+^)). 
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The weak formulation of fll.ll) is as follows: For any given mapping uq G 
we call a mapping u G Vb{Q{T)]S^) a weakly harmonic heat 
flow (WHHF) provided for any 0 G (^“((^(T); 

/ ((^.'^) + = 0, (h2) 

QiT) 

u{t) — Uq G for almost every t G (0,T), (1.3) 

limM(t) = Uo in (1.4) 

K.Horihata [5] has proposed a new approximate evolutional scheme said 
to be the Ginzburg-Landau heat flow (GLHF). We review Ginzburg-Landau 
heat flow: Introduce smooth functions x(f) and K{t) by 


x{t) 

K{t) 


\t it < 2) 

[3 (t > 4), 

arctan(t)/7r. 


(1.5) 


Let a mapping Mo in (G ; §^) fl {Ff^ (r2\ (CG)^^; §^) 

with positive numbers sufficiently small Sq, and positive numbers q greater 
than or equal to d + 2 and p greater than 2. Then GLHF is designated by 
solution of the systems: 

^ - Aux + A^"^:\:((|maP - 1)^)(|maP - 1)ma = 0 in Q(T), (1.6) 

ux = Uq on dQ(T). (1.7) 


If you notice that the nonlinear term of x((|'*^aP ~ l)^) (I'^^aP — 1)wa 
is bounded, Banach’s hxed point theorem can state the unique existence of 
the mapping Ux on Q{T) with 

(a) ma e C°^{Q{T)), 

(b) 01.81) is fulhlled in Q{T), 

(c) Ux{t,x) — Uo{x) G for almost every tin (0,T), 

(d) hmt\^o||MA(t, •) - '«o(-)IIl|(o) = 0. 
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An observation by K.Horihata 0 Theorem 2.4] and an application of a 
maximal principle on an unbounded domain which referred to F.John uni 
Chap 7] prevails |ma| < 1 hi Q(T). Thus we rewrite fll.bp to 

^ - Aux + - 1)ma = 0 in Q(T). (1.8) 

The benehts of my scheme is to easily derive 

J A^“'^(|maP — lY dz = 0 ( 1 /log A) as A ^ oo. 

QiT) 

We outlook the history on a boundary regularity of harmonic mapping 
or harmonic heat flows: For the energy minimizing map, R.Schoen and 
K.Uhlenbeck [16] has established a boundary regularity for an appropriate 
boundary condition. A similar results on minimizers of a certain functional 
can be found in J.Jost and M.Meier m- J.Qing [HI proved the bound¬ 
ary regularity of weakly harmonic maps from surfaces with the boundary. 
C.Poon [13] constructed a smooth harmonic map Ua between and ex- 
cept a prescribed point a G B , noncontinuous at a and Ua = x on dB^. 

On the other hand, the papers discussed boundary regularity results on 
a harmonic heat flow are not so many. We refer it to Y.Chen [2] or Y.Chen- 
F.-H.Lin [3] or Y.Chen-J.Li-F.H.Lin [1] or C.Y.Wang ua, Since the maps 
Ua by C.Poon [T3] is also a non-smooth weakly harmonic heat flow, it may 
be reasonable to discuss a partial regularity for our harmonic heat flow and 
a regularity under a certain imposition. 

This paper has two folds: The hrst constructs a few energy inequalities on 
n and next discusses a partial regularity for our harmonic heat flow near the 
boundary; The proof proceeds as in the one of the author’s former paper of 
K.Horihata 0 combined with the one by Y.Chen 0. Thereafter by utilizing 
the reverse Poincare inequality, we will prove that the WHHF is actually 
smooth except on a small set called “singular set.” More precisely we assert 


Theorem 1.1 (Partial Regularity Theorem). Let d be a positive integer 
larger than 2. For a mapping uq E (12; fl (77^”^'^'^’^ Cl 
(12 \ (C12)^q;S'^) with a positive number sufficiently small (5o, and positive 
numbers q and p respectively greater than or equal to d + 2 and greater than 
2, there exists a WHHF and it is smooth on a certain relative open set inQ{T) 
off a set called sing. The set has the finite {d — 'Jq)- dimensional Hausdorff 
measure with respect to the parabolic metric, where 70 is a small positive 


4 




number depending only on Uq, d and Q{T). The WHHF also holds 


to-Ri 

/ 


R2 


to—R? 


\Vu\^Gzodz + 2 / dR 


to-( 2 i?i )2 n 


Ri to-{2RP 



n 


X — Xq 

2 \/to ~ t 


■ Vm 


2 

Gzq dx 


< G{Ri^° 


to-R^ 



\Vu\^Gz,dx + G{R2 


to —( 2 _R 2)2 f 2 


Rx) 


(1,9) 


for any positive numbers Ri and R 2 with Ri < R 2 and an arbitrary point zq 
= {tQ,Xo) in Q{T) satisfying R 2 < ^/tffJA, where two positive constants po 
and C(/io) has the relation of G{po) 00 as po \ 0 and in addition 

J \Vu{z)\^dz < ^ J Wiz) - ho{x)\^dz 

Pr{zo) P2r(zo) 


+ J + \Vho{x)\^)dz (1.10) 

Pr{^o) 


for any parabolic cylinder P 2 R (zq), where a function Gzq means a backward 
heat kernel indicated by 

Gzo{t,x) = ^ d ^^p(- ^A(+ ^ ( 0 ,to)xM'^). 

V47r(to - t) ^ 4(to - t) } 

The subsequent theorems will take up two sufficient conditions on the 
whole domain’s regularity for our WHHF. The one is the boundary energy 
smallness at a large time and the another is a target restriction on the initial 
mapping called “one-sided condition”. We refer it to M.Giaquinta [HI p.237, 
Theorem 3.2]. 


Theorem 1.2 (First Regularity Theorem). Assume that our domain is 
hounded with and there exists some positive number eo such that for 
all point Zq = (to,Xo) and some positive number Rq less than if we 

have 


exp 


(4i?o)''o rpvr.-4G-2)/rfg 


Ri 

to-Rg 


exp 


(d- 2)/2 / l^“ 0 | dx 


+ I dt f \VrUo\^Gz,{d,, + 


0 on 


( 1 . 11 ) 


+ G{fio)Ro < eg, 


5 
















where /xq and C(/io) are mutual relevant positive constants satisfying C(/io) 
\ oo as fi 0. 


dxo{x) = 1 + - ^ ° and do = diam(f2). 

do 

Tden our WHHFs are smooth on a neighbourhood of zq = (to,xo). 

Theorem 1.3 (Second Regularity Theorem). If the range of uq\ uq (12) is 
compactly contained in aftermath of a suitable rotation if necessary, then 
the range of our heat flow u{Q{T)) is done there and they are smooth in 
(0,T) xH. 

We list a glossary of notation below: We adopt it from K.Horihata [5] and 
add it up the new symbols especially related to the boundary. The symbols 
of vector and the dehnition on the function class can be seen therein. 

Notation 


(i) = {x = (x',Xd) e ; Xd ^ 0} and 
Mq = {x = (x',Xd) G ; Xrf = 0} (x: 

(ii) For any set A C and any positive number 6, = {x G ; inf^g^ \x— 

y\ < d}. 

(iii) The symbol 12 is a domain in and 512 the boundary of 12. Moreover 
for a set A cM'^, the symbol A± respectively means A fl 12 and A H Cl 2 
and Aq does A fl 512. 

(iv) A vector u and r respectively denotes the unit outer normal and the 
tangential field along 512. 

(v) Q{T) = (0,T) X n. dQ{T) = [0,T) x 512 U {0} x Vt. 

(vi) = {?/ = (i/i, 1 / 2 ,..., 1 /^+ 1 ) G \y\ = \lY.?=i{y"Y = !}• 

(vii) = {y = {y',y^+^) = {y^,y'^,...,y^+^) G ^ 0}. 

(viii) = {//=(//', 1 /^+ 1 ) = (i/i, 1 / 2 ,..., 1 /^+ 1 ) e S^; 1 /^+^ = 0 } 

(- 5Rf ( 0 )). 
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(ix) Set points x = {xi,X 2 ,... ,Xd), Xq = (xq,!,X o, 2 , • • •,a;o,d) and Zq = 

(to,Xo) G Then indicate a ball Br{xo), a parabolic cylinder Pr(^o) 

by 

Br{xo) = {x G ; lx — Xo| < r}, 

Pr{zo) = {z = (t, x) G Q{T) ] to - < t < to + r‘^,\x - Xo\ < r}. 

In Br{xo) and Pr{zo), the points of xo and zq will be often abbreviated 
when no confnsion may arise. 

(x) Letter C denotes a generic constant. By the letter C{B), it means that 
a constant depends only on a parameter B. 

(xi) K{t) is arctan(f)/7r. 

(xii) For any point Zo = (to,xo) in the back-ward heat kernel Gzg 

designates 



(xiii) For the nabla: V = (c?/5|/i, 5/5|/2 ,..., , the differential opera¬ 

tors Vi/ and Vr denote 

Vi/ = 1/ ■ V, Vt = V — ■ V. 

A forthcoming paper extends the results here and the ones of K.Horihata [9] 
to a heat flow between any Riemannian manifold under a certain assump¬ 
tion. 


2 GLHF. 


The chapter introduces three fundamental energy inequalities: The hrst is 
a monotonical inequality and the second is a local decay energy estimate, 
which is can be regarded as a variant of a monotonical inequality, and the 
hnal is a hybrid inequality. 

2.1 Two Monotonical Inequalities. 

We introduce former two inequalities. The one is it by Y.Chen and F.H.Lin [3] 
and the another is a hybrid type inequality combined with the energy decay 
estimate referred to K.Horihata [9l Theorem 2.6] and the usual monotonical 
inequality: 
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Theorem 2.1 (Monotonical Inequalities). There exist constants C andC{fiQ) 
with C{fio) oo as ^0 \ 0 such that the following holds for any point 
zo = (to,xo) e Q(T) and positive numbers R, Ri and R 2 with 0 < i?i < i?2 
with m.a.x{R 2 , R) < y/to/2, 


to-Rl i?2 

J dt J e\ Gzg dx + J J 

ri 


to-ARl 


du\ 


X — Xq 


dt 2{t — to) 


■ Vma 


Gzg dx 


to—R^ 


< Cexp(i?^° - R>;°) J dt j exG,,dx 


to-4R? 


+ C{po){R2 — Ri) 


( 2 . 1 ) 


and in addition under the hypothesis m, 

^-4{d-2){to-R^)/4 


R^ 


^x^{to—R?,XQ) dx ^ 


{to— 

Iq-R? 




I VmoI^ dx 


+ G j dt J iVrUol G^^^dR^ 
0 an 


d-l 


( 2 . 2 ) 


with 


Gzo{t,x) = 


exp 




F — %| 


{{t,x) e (0,to) X M'^), 


4o(x) = 1 + 


F — Xol 

dl 


with do = diam(r2). 


Proof of Theorem 12.1[ 

Set 


„ X — Xo „ „ „ X — Xo „ 

Vix-Xol = 1 - T'^’ ^1-0 = V — -rV|3;_3;o|. 


F ~ ^0 

Since fl2.ip is well-known, we only show 
duy 


X — Xo\ 

Multiplying ([MD by 


2 (to - Gj'^Gzodxo and (x - xq) ■ VuxG^oidxo + 4(to - t)/dl) 


(2.3) 


















and integrating it over we obtain 

/ niL \ ^ 

2 


dt 


d 


{to - t)Gzodxo dx + 2— / eA(to - t) G^^d^^ dx 


n n 

— {d — 2) / exGzodxo dx + / 


d dx 

2(j; — t) 


+ / {\ux\^ - 1)- 


n 

dux 


d dx 


dt 


, (x - xo) • Vma^ G^o (4o - -^-^2^) 


/tlog A 


Ai- 


(|maP - if {to -t)G^^d^^dx = 0, 


dl 


- /(^,(a;-a:o) • Vua,)g^o (4o + 
o 

+ {d-2) f eAG,„(4o + 


dx 


d2 

Oq 


+ / (IV|x-xo|'*^a|^ — IVroMoH 


n 

^l-K 


Ai- 


d dx 


|x — Xop 


_ 1)2 G^o (4o + 

|x —Xop 


(I«a|^ - 1)^ 


tn-t 


^ZQ ^XQ dx 


(2.4) 


(2.5) 


+ n / ((^-^0, >')|V„'UaP + 2(V„'Ua, (i: - lo) ■ V,!io) - (i-Io,ia)|V/Uo|'^) 


an 


4(to -1) 


^ G^g I dxQ ~\- ^2 


= 0 . 


Summarizing fl2.4p . fl2.5p and using ([B]), we arrive at 


d 

dt 


ex {to -t)4oG^gdx + 


4(d - 2) 


dl 


du). 

dt 


Vto -1 - 


X — Xo 
2x/to — t 


■ Vma 


Ca (to -^)G^o4g dx 


I 0 r 

GZQ^ixQ dx -\- I ^ol Gzq dxQ dx 
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< CI iV.MopG,, (4o + (2.6) 

an ° 

A multiplier of fl2.6p by and an integration on it from 0 to 

to — imply our claim. 

2.2 Hybrid type Inequality for GLHF. 

We demonstrate the reverse Poincare inequality. To this end we prepare the 
below: Let the mapping ho be the solution to 

r -Ah, = 0 in fi p. 7 ) 

ho = Uq on oil. 

Then we claim 

Theorem 2.2 (Hybrid Inequality). For any positive number eo and any 
point zq in Q{T), there exists a positive constant C(eo) satisfying C'(eo) 
cxo as eo \ 0 such that the inequality 

J ex{z)dz < eo j e\{z) dz + —^ J \u\{z) - ho{x)\^ dz 

Pr{^o)C\Q{T) f2H(2o)nQ(T) P2Ri^o)ClQ{T) 

+ J {\V'^^'^^^'^/^^+^ho{x)\^dz + \Vho{x)\^)dz + o{l) (A/oo) 

^’2fl(^o)nQ(r) 

( 2 . 8 ) 


holds for any parabolic cylinder P 2 r{zo). 

Preliminary we rewrite jra to it by the flatten-out coordinate: Set 
vx{t,y) on (^/(xo) nH) by vx{t,y) = ux (t, Then ([13]) becomes 


dvx 

dt 


- L{vx) + X^-^{\vx\^ - l)vx = Oin(0,T)x$,„(17(a;o)nH) (2.9) 


with 


n. - A _ .A 

r\ r\ 1 r\ 

ovi oyd oy^ 


XQ 


{i = l,2 ,...,d- 1 ), 


Dr = 


A 

dyd 


d-l 


, L = 


2=1 
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( 2 . 10 ) 


C. = D - 

9p 9p 


jL 

\y\ 


Du, 


= A - 


Choose i?_R(0) C $a;o(A(xo)) and induce the mapping by 

hn{t,y) = ho{i-^(y)). 


( 2 , 11 ) 


We extend the mapping vx — hx^ in Br{Q) n to the one in i?_R(0) by 


{vx - hx^){t,{y',yd)) if yeBR{Q)r\. 

0 if 2/ e 5 h(o) n: 




^0’ 


-{vx - hxo){t,{y',-yd)) if 2/G5H(0 )nMl 

and denote it by the same symbol vx — hx^. Note that the mapping vx — hx^ 
belongs to {C^ fl (i?_R(0); and it satisfies the following identity: 


J {D{vx - hxo),D(j)) dx 

Br{0) 

(IuaP - l){vx,(j))dx = 0 


Br{0) 


+ A 


1 — K 


( 2 . 12 ) 


Br{0) 


for any mapping (f) G (i?ij(0); with 

d D+l 

{D{vx- hxo),D(j)) = EE Di{vx - hxoYDi 


2=1 j = l 


o D-\-^ o j D-\-^ 

-Y’Y = E^^^ = E^'i' 


1=1 


1=1 


to verify 


Lemma 2.3 For any balls Bp^ and Bp^ with Bp^ C Bp^ C B^^O) and any 
cylinders Pp^ and Pp^ with Pp-^ C Pp^ C Pr{ 0), the following holds: 


^(1 — IuaI ) dz < C / exdz 


rpi 


P2 


c 


{p2 - PlY 


(1 - \vxY)dz, 


(2.13) 
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/ (1 - \vx\ )dy <C exdy 


Bo 


Bo 


C 


P2 - pi 


\Dvx\dy + C 


dvx 


dt 


dy. 


B. 


P2 


B 


P2 


(2.14) 


Secondly we list symbols and auxiliary mapping employed only here. Give 
Lx by [log(A/h(A))/log 2 ] + 1 , where a function h(A) (A G M) is positive 
satisfying h(A) \ 0 (A ^ oo). We then introduce the decompositional 
convention: Let r be a positive number less than e^i?, and put 

Ap, = Gie^r(l/ 2 )^ (/= 1 , 2 ,..., L,), 

^ r 0 (/ = 0 ) 

1 (1 - + C.etr E;=i(1/2)^' (/ = 1, 2,..., Lx) 

/ X -1 

with Cl = f^^(l/ 2 )M 
1=1 

Fix t G (—r^,r^) and choose numbers r; (/ = 1, 2,..., — 1) and Ar^ 

(/ = 1 , 2 ,..., Lx) so that they are given by 


Pi+Api/6 

^ J \Duivx - h:,^){t,y)\‘^d'Hy~^ = j p'^-^ dp J \D^{vx - h^o)it^y)\^ dud-i, 

pi—Api/6 S'*-! 

ro = 0, = pl^ = r. An = ri - n_i. 


In addition a positive number fi (/ = 0,1,..., Lx) denotes 


n 


0 

ri + n+i 
2 


(/ = 0 ) 

(/ = 1,2,...,La-1) 
{I = Lx). 


Next introduce a mapping fx which is the solution to 

f B^fx + rArfx = 0 in (0 ,r)x§'^-\ 

\ f\ = vx - Ko on {r} X 

Designate hve sorts of annuls: 

fi = [n_i,n) X Ti = [n_i,n) x 
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Tl = [ri_i,ri_i + An/3) x \ 

Tf = [n_i + An/3, n - An/3) x 

Tf = [n - An/3, n) X (/ = 1, 2,..., La). (2.16) 


A next step establishing a Hybrid type inequality is to construct a certain 
support mappings wx^u wx^i by making the best of the function fy. 

They are given by the solutions of 


—Awa,! = 0 in [0,ri)x§' 


d-1 


-Awx,l = 0 


in T] 


^-^ll{rj_i}xS‘*“i ^'^l{ri_i}xS‘*“i — 2, 3,..., La), 

l{r;}xS'^“i I {r';}xS'^“i 

—A-u;a,i = 0 in [0,fi) x 


(2.17) 

(2.18) 
(2.19) 


o 

< 

1 

in 


Tl 


{nlxS-^-i “ 

Wx,l +1 

(' = 2.3.....n-l), 

(2.20) 

1 

X 

1 

<C 

Wx,l 

{f 

_i}xSd-i 


-Awx,Lx = 0 


in f/. 


^A,La {n^}xSd-i ^ 

Ux\ 

{r}xS‘'“'^ 

(2.21) 

^-^La l{nj^-i}xS'^“i 

'?^A,La {fi^-i}xS'^-i ’ 


Wx,i = Wx,i on 

Tl, 



(2.22) 

o 

< 

1 

in 


Tl 


{nlxS-^-i “ 

Wx,l 

, , (/ = 2,3,...,La-1), 

{n}x§‘^-i ^ ) ) ) A 1, 

(2.23) 

1 

X 

1 

Wx,l- 

-1 

7 

*t3 

X 

C 


-Awx,Lx = 0 


in Tlx 


^-'^La l{ri^}xS'^“i 

(vx 

^a:o) {r}xS‘'-l 

(2.24) 


Wx,Lx\{r^^_-t^}xS<i-^ — '«^A,LA-ll{ri^_i}xS‘^-i ’ 

where 

wx,i{ri, Ud-i) = wx,i{ri, u^-i) 


(2.25) 


- (n - ri_i) / Dt,wx,i{fi_i + T{ri - fi_i),cjd-i) dr 
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1 


(n_i - n_i) / D^wx^i-i{ri_i + T{ri-i - ri_i),uJd-i) dr, 


U!x,i{ri,uJd-i) = Wx,i+i{ri,uJd-i) 


(2.26) 


- {ri - ri) / D^wx,i+i{ri + T{fi - ri),Ud-i) dr 


{ri - n_i) J D^wx,iiri-i + T{ri-fi_i),Ud-i)dT. 

0 


In the following we set 

p] = n_i + r(n - ri_i), pf = n_i + r(n_i - n_i) 
for any positive number r in (0,1). 

We state a few fine properties for the mappings wx,i, wx,i and wx,i used 
below: To explain it we shall recall a sequence of hyper spherical-harmonics 
{n = 0,1,...] a = 1,2,..., N{n)), where hyper spherical-harmonics 
4>n \ 4>n \ ■ ■ ■, are independent components with degree n. 

Writing x = {p,Ud-i), they signify 


Wx,l{x) = Wx,l{p,UJd-l) 



with 


r(“) 



n = 


-I 2n+rf—2 

1 _ 2n+d—2 ’ 

ri -1 

ri 


fx’^'^\'t,rk) = j- {fx{t,rk,0Jd-i),(l>^n\^d-i)) dojd-i {k = l-l,l), 
s-^-i 


WxA^) = Wx,l{p,UJd-l) 
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oo N{n) oc N{n) , i j 9 

^—1 —T ^ n=l a=l ^ 


n=l ol=1 


with 


^ _ ^2n+d-2 

TM 

h'/y-j 


1 - r. 


2n-\-d—2 


, T-Z = 


n-1 

ri 


= -f {wx,l+l{fl,UJd-l),(l>n\^d-l)) dUd-l, 


= f {wx^i{fi_i,uJd-i),(j)l^\‘^d-i)) duJd- 


1 ) 


Wx,lix) = Wx,lip,UJd-l) 

oo N{n) 


n=l a=l 

.( 1 ) 


N(n) 


'rt -1 /~\j -1 n-1 /-V-1 ' 


n=l a=l 


with 


«n = 


1 _ 2n-\-d—2 


= 


1 2n+cZ—2 

W 


n -1 

, T-; = -, 

ri 


- 1 ) 


^I’z'^Vz) = -T (MZA,z(rz,a;d_i),(/)^"^(a;d_i)) ciwrf-i 
S'^-i 

wlj“\{ri_i) = -f {wx,i-i{ri-i,Ud-i),4>l^\uJd-i)) dud-v 


We must remark that the 0-degree Fourier coefficients al^\ and 
are independent of p by virtue of —Awx,i = —Awx,i = —Awx^i = 0 and D^fx 
+ r At- fx = 0: 02.151) . We mention four technical lemmas: 
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Lemma 2.4 (Algebraic Inequalities) For any positive integer I greater 
than 1 and less than Lx, we have 


0 < 


r, 


n-\-d—2 


r. 


2n-\-d—2 


+ 


nr"(l 


r, 


d-2\ 


1 - r, 


i 

n+d—2 


T, 


2n+d—2 


«+l 


1 _ 2n+d—2 

^ L+i 


- T, 


n+d—2 


r. 


n+d—2 

I 


1 - r, 


2n-\-d—2 


< c, 

< CnA+i, 


(2.27) 

(2.28) 



2n-\-d—2 


r^n+d-2^^ _ ^d-2^ 
T _ 2n+d-2 


n < ChAti- 


(2.29) 


Lemma 2.5 For any number I (/ = 2, 3,..., Lx) and a respective arbitrary 
pointy = (p, curf-i) in Ti for wx,i, Ti for wx,i and Ti forwx,i, it follows that 


D,w,M = Wl,{y) + Wl,{y), 


where 






n 


P 



ri-i 


P 


n+d—2 




n+d—2 




d-2 


N{n) 




n+d—2 




P 


D.wxAv) = WlAy) + Wliy), 


where 




P 


n 



ri-i 


P 


n+d—2 


Wxl'^\fl-l)AA\^d-l] 


n+d—2 


) 


d-2 


N(n) 


EE 


r," 


^ ^ 1 _ ^2n+d-2 ^ 

' n=l a=l t ' 




Wx!r\ri-i)(t)^A\^d-i) 


D^yWxAv) 


^Y^nAhi}) - /r''"’(‘.n-i) in,p 


,J2n+d—2 


n=l ol=1 




p ^ri, 


^ + d-2 ^ ri_i 'y+d-‘i 


P 


P 


'\ajd- 
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N{n) 


n=l ^ <y.=l 


r. 


n-\-d—2 




1 - \ \ri. 



r;_iy +^-2 ^ 


/"’^“^(t,n_i)4“)(a;d_i) 


°° tP{ 1 - (ri_iY+d-^ („) 






^ 1 _ 2n+d-2 ^ 

n=l q;=1 ^ 

~£ E / f—)""" 


p 


n=l cx=l 


1 - T-2n+d-2 p 


Lemma 2.6 For any positive number p, the symbol Sp{ujd-i) denotes by a 
geodesic ball on centred at Ud-i] Then for any point y G Tf, 


\DyWx^i{y)\ < C j- \DyWx^i{y)\ dy 

^ Ari / ^ify') 


(2.30) 


and for y G Tf and Tf, 

\D^wx,i{y)\^ <2 j- \DyWx,i-i{x)\^ dx (2.31) 

+ C j- {\D^wx,i{x)\^ + \D^wx,i-i{x)f^ dx, 

[r;_i,ri_i+Ar(/2)xSAr;/2(‘^d-l) 

\DyWx,i{y)\^ < 2 / \DyWx,i{x)\^ dx (2.32) 

•^^Arj/eCy) 

+ C j- {\DyWx,i{x)\^ + \DyWx,i{,x)\^) dx 

[n-Ar(/2,r;)xSAr;/2(‘dd-l) 


respectively holds. Furthermore fl2.30p . fl2.3ip and fl2.32p imply 

p2 

Arf 

Ti 

< Cr J \D^vx\^ dni-^ + 0 ( 1 ) (A / 00 ), (2.33) 

dBr 

\Ki(v)\ < 7 . \WlM\ S f (* = 1.2 ,....A) (2.34) 

for any respective point y E Ti and Ti, 
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Lx-l 

r 


1 / mi\^ + \wi\) dni-^ 

1=2 

J 

{ri}xS^~^ 

< ^ 
r J 

[ \vx - 


dBr 


^ [ \D^{wx^i+i - wx,i)\'^d'Hi ^ 

{ri}xE>^~^ 

< Cr I \D,vx\^ dUt^ + 7 / I^A - Kol'dni-^ + 0(1) (A / 

dBr dBr 

I \DrD,Wx,l\^ dni-^ 

{pl}x§d-l 

< Ce^r I \D{vx - dn^-^ + J \vx - dU^^ 

dBr dBr 

+ o(l) (A 7 Co)- 


(2.35) 

(2.36) 


(2.37) 


From K.Horihata [9l Lemma 2.3], we deduce fl2.37p . The final lemma is 
as follows: 


Lemma 2.7 For any positive number r, we have 



< Cr I \D,{vx - h^Xdn^y-^ + o(l) (A / cx)) (2.38) 

dBr 


and 


r^ j{\Dlwx,i? + \D,D,wx,i? + \Dlwx,i?) dy 

Ti 

< J J \vx- (2.39) 

dBr 

After the preparation above, we demonstrate the proof of Theorem 12.21 
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Proof of Theorem 12.2[ 


Take the difference between fll.Sp and = 0 on T;, mnltiplying it by 

—2y ■ D{{vx — hxo) — wx,i), integrate it on Ti and snm np it for I to verify 


Lx 


- 25 : 


1=1 


dvy 


,y-D{{vx - Ko) - ) dy 


+ i.d-2)^ j \D{{vx - hxo) - wx,i)\‘^ dy + j - 1)^ dy 

l=l 'i 1=1 'i 

J-l J-l 

+ 2^y {a-D{{vx - Ko, 


wx,i), Ddiivx - Ko) - wx,i)) dy 


1-1 j, 

d—l Lx 


Lx 


- h^o) - wx,i),Dd{{vx - h^o) - wx,i))dy 




2A^ (IwaP - l){vx,y-Dh^^)dy 


1=1 


Lx 


+ 2A^ y(I waP - l){vx,y ■ Dwx,i) dy 

1=1 

Lx p 

“ ^)'^\hy-D{{vx-h:co) - wx,i))dy 

\Du{{vx-h^o) - wx,i)\‘^ d'H'^~^ 


E 

1=1 


E 

1=1 

Lx 

E 

1=1 


P - 




Vda-y 

Vp^ - yl 


(p 

Pda-y \ 

) V 

^ / rP — ipj 


2 jo/rf-l 


\Dr{{vx-h^Q) - Wx,i)\ dUy 


{ri}x'8>^ ^ {r;_i}xS'^ ^ 


{ri}x'8>^ ^ {r;_i}xS'^ ^ 

PVd 


x/p‘^ - Pd 


{a-Dr{{vx - h^o) - ^x,i), D^{{vx - h^o) “ ^x,i)) dUy 


d-l 
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l=l 



{r;}xS‘^ 1 {rj_i}xS‘^ ^ 



Vda-y \ 

Vp^-yr 


(i^Ar 


= (I) + (II) + (III) + • • • + (VII) 


(2.40) 


with a-?/ = a-D = “iA- 

From now on we shall estimate the each term of the right-hand side in 
fl2.40p . Primarily we estimate (I): By using the usual Sobolev inequality, we 
infer 

(I) < £Sa‘-|(i - 

Br 

+ j{l- \vx\^)dy + \Dh„\^)dy. (2.41) 

Br -^2r 


Next we estimate (II): We choose a collection of balls {i?Ari/i 2 ( 2 /i)} (* £ 
Ji) with 

Bri C ^Ari 712(2/4) c Br, 

ieh 

and for any integer I {I = 2, 3,, Lx), do three ones of balls {B^ri/uiyi)} 
{i e //), {BAri/i 2 {yi)} (i e If) and {5Ari/i2(2/i)} (* e If) 


Tf C IJ Bixn/i2{yi), Tf C (J B^rUi2{yi). Tf C (J B^rUl2{y^), 

i&ij ieif ieif 

max Card{i G if U if U if ; B^n/^iyi) H BAn/eiyj) 7^ 0} 
j&iluifuif 

is finite and independent of r and 1. From Lemma [2.31 we obtain 

J (1 - \vx\‘^)dy < C J edy + ^ J \Dvx\dy 

-^Ar^/12(yi) -^Ar^/6(y0 -^Ar^/6(?/*) 



Decompose DyWx,i into Wh and Wfi in Lemma 1231 and recall fl2.3Up . fl2.3ip 
and fl2.32p to yield 

(II) < f {1 - \vx\^) \yDwx,i\dy 

i£h D f X 

^Ar,/12(yi) 
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Lx — ^ p 

- \vx?) \y ■ Dwx^dy 

1 _O •— t 1 . , t 9 . . J 


1-2 


" . J 

*^A /12(2/i) n-Br 

- / 


jg/l 

E 

ieh 


ex dy 

-^Ar / 6 (y* ) ^Z\rj^ (diVi ) 

dvx 


dt 

^/\r^/6{yi') ^/^r^/siyi') 

dy 


\Dvx 


-^Ar]^ /6 iyi') 
Lx-l 


Avi 


-^Ar]^ /diyi) 


+ ^^t 2 Yl [ / 

(=2 iP/l , 


(1 - IaH \y- Dwx,Lx\dy 
\DuWx,i\ dy 
\D^wx,i\dy 
\D^wx,i\ dy 

mil + \Wli.,\)dy 




dvx 


c.EE / 

C’'EE / / (lAi + iA-iD'^s 


<*9 ^ (IW'i.l + |H'L-il)<;!/ 

^Ar^ /6 ( 2 /O 

dy 






Lx-l 


Cr EE / 


dt 


1 /‘A 

"■EE f ' 

Cr EE f \Dvx\ 
^=2 ^e-fi^BAn/eCyi) 


dy f \Wli\dy 


-^Ar^/6(yi) 

dy 
Ar, 


\Wl,\dy 


-^Ar^/ 6 ( 2 /*) 


+ C"'EE / / (IAI + IAI)‘^9 


'-2 *G-f?BAr,/6(yi) SA.;/6(yi) 
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Lx-l 


La -1 


dvy, 


dt 


dy f i\Wl,\ + \Wl,\)dy 


dy 


+ C''EE / / (|W"il + 




Lx-i P 

«=2 ie/i 


-^Ar^/ 6 ( 2 /*) 


-^Ar^/ 6 { 2/0 


(i-kr)c^i/ y- (iw^ii + iw^i-ii)^2/ 

-^Ar^/ 6 (y'i) 


[ (1 - l'^Ar)c?|/ / |W^A,i|c?l/ 

7_O . tO 


Lx-1 


rA^-" J 


-^Ar^/ 6 (yi) 


(l-| 7;Ar)rfi/ f (IW^LI + Iw^LDcii/ 


B/Xri/eiyi) 

(1 - IaH ||/■/^WA,LA|c^l/ 


<.SE f + f fifthly+ 4Y f 

ie/in / ,N *G7i„ . iehjj , 


I-DlaI^c^i/ 




iY 


ex dy 


iGh 


\y ■ Dwx,ydy 


-^Ar^^/eCy*) 


-^Ar]^ /6 (yi ) Ar /6 (^i) 


Arf 


E 


(livLp + \wL\^)dy 


iGli 


B/&i.yi) 


c 


egAr? ^ 


E 


\y ■ Dwx,ydy 


i&h 




La -1 


° ^-2 


jY Y I e.% + ^1:' E / 


dt 


dy 


+ j|^E / mill'’-+ \wi4)‘‘v 


-^AT'^/ 6 (yi) 
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La -1 


^ / 

'=2 B^.^/eivi) 


(l^A,.r + i^aViI )^2/ 


+ C'e^r^ XI J j 

+ C4/f:Y. f -^dy / 

7_O .- t^K 'J 'J 


m,\‘dy 


dl^wl" + \Wl/)dy 


mrdy 


^ ^ ^^^lB^^^/e{yi) B^^^/e(yi) 

+ yflY. / (\K:\" + \Wl,_,4) dy 

^=2 *6//sA.,/6(yi) 

I'A —1 n 

+ ^^0 X X / 

+ ^^oXX [ i\Ki\" + l^hl") dy 

+ C''" Z (sl)' S 

^=2 * ie/lR AA 


Z=2 

iA -1 


-^Ar^/ 6 ( 2 /i) 






«=2 

iA -1 




^^oE( 2 ^)^E / 

7_O t • _ T .'^ 


(iw^aJ^ + i^A.r)^!/ 


1=2 
La-1 


^^iB^^^/e{yi) 


c^‘'"E E / (i-i«d")# 

i -2 


+ X 


1 —AC 


/ 12 (yi)nBr 


(1 - I'^^aH |2/-E>mia,LaM2/- 


(2.42) 
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On account of Theorem 12.11 

(Ar,/V-^ / 

C 

~ {Ari/3Y 

t- 
t 

ds j G\G(t+{Ari/z)'^,x) dy + CArf 

t-(Ari/3y n 

< C j\DuQ\^dy + CArf 



ds 


e\dy + CArf sup \Dh 


^ri/sy 


^Ari/siVi) 


B 


xo I 


Ar^ /3 


follows for any time t E {to — R^,to + R^) with a positive number R less 
than \/%/2 and any ball B/^ri/eiyi), according to fl2.32p . fl2.33p and fl2.34p of 
Lemma 12.61 which proceeds to our evaluation as follows: 


(II) < OeQ / e\dy -\- 


CA 


Br 


Br 


dvx 


dt 


dy + X 


1 — K, 


(1 - \vx\^)dy 


C 


Br\B,, 4-. 


2 Rmd-l 


exdy + Ce^r / \D{vx - Ko)\ dR 


Br\B,, 4>. 


dBr 


C{eo) 


vx-Ko\ dR-v + o(l) (A /' oo). 


(2.43) 


dBr 


By using Lemma [2.71 we similarly asses (HI): 


(HI) < TP / |L>^((nA - h^o) - wx,i)\‘^dy + ^ \{L - A)wx,i\^ dy 


Ti 


2A 


Ti 


J - dxo)\^ dy + J \ {L - A)wx,i\‘^ dy 

l^—Qi ri-i /^^2 rri 


2 jnjd-1 


< Cel / \Dy{vx- Ko)Y dy + Celr / \Dr{vx - Kq)\ dR 


Br 


dBr 


c 


\Du{vx - Ko)?dy 


Br\B,,_ A. 
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I^A - h^o^dUy ^ + o(l) (A Z' CX)). 


(2.44) 


C{eo) 


dBr 


^A —1 p 

(IV) < 2 ^ / (r, - 

« = 1 r.. , L,-, 


{n}x§‘*- 


Vda-y 

V^f^d 


){D^{vx-h^o),Dy{wx,i - 


La-1 

E 

1=1 


(ri 


{ri}xS‘^- 


Vda-y 

\/rf - yl 


)(L>^(m;a,; + Wx,[+\)-,D^{wx,i 


< ^ 0 ^ 


2 jntd-l 


\D,{vx-K,)\UU 


{rijxS'* 


Cr 

7®" 




L^-\ 


{\D,wx,i\^ + \D,wx,2\")dHl 
^ An [ \D,{vx - /ixo)r dn^-^ 

+ — V] An / {\D^wx,i\^ + \DyWx,i+i\^) dUy~^ 

®0 ,_n J 


{njxsd- 

^0 iZ ^ f \Du{.Wx,i - wx,i+i)\^ dn 


1=2 


'I 


2 ^njd-1 

V ■ 


{ri}x§‘^“l 

Using Lemma [2.61 from a definition on r;, we arrive at 
(IV) < Cel j \Divx - h^Xdy + ^ j \D{vx - K,) 

Br Br\B,- 4-. 

' (l-eg)r 

+ Aeor f \D{vx-ha;o)\‘^ d'Hy~^ + f \vx - h^ol"^ 


dBr 

+ o(l) (A Z' oo). 


dBr 


From wx,Lx = ('^a — h^o) on {r} x S“ we obtain 
Lx 


(IV) = f;n I \Dr{{vx 

{njxsd-i 


hxo) - Wx,i)\^d'Hy ^ 


wx^i+i))dny ^ 

- wx,i+i)) d'Hy~^ 


\^dy 

dU^-^ 

(2.45) 
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\Dr{{vx-K,) - 


Lx 

- 

1=1 


{rj.iIxS'* 1 


L\-l „ 

= ^ n J \Dr{{vx - h^o) 

^A —1 n 

- ^ n / \Dr{{Vx - Ko) 


wx,i)\'^ dTi 


d-i 

y 


Wx,i)?dV, 


d-l 

y 


Lx — ^ j, 

= -2'^rI / {Dr{vx - Ko)^D^{wx,i - wx,i)) d'Hy~^ 

1 — 9 

{n}xSd-i 


Lx—^ r ^ ^ 

+ X] n / {Dr{wx,i + wx,i),Dr{wx,i “ wx,i)) d'Hl~^. 

1 — 9 

{njxS'*-! 


By recalling definition on wx.i-, namely using 02.251) and 02.37p in Lemma 
12.61 to forego to estimate 


^ Lx p 

(V) < / {\Dr{vx-h^,)? + \D^wxA^)dU. 

1=2 , , A. 1 


2^ jmd-l 

y 


{ri}xS<^ 


+ Celr^ ^ Ari j (\D^D^wx,i{,p].u^d-i)? + DrD^wx,i-i{,pl,u}d-i) ) 

« = 1 r.. . 


dU 


d-l 


{r^IxS^^” 


c 

< -2 
^0 


12 jnjd—l 


\D{vx-h^o)\ dy + Ce^r / |L)(nA -/ixo) I 


C(eo) 




\vx-Ko\ dHl + o(l) (A /' oo). 


(2.46) 


dBr 


The estimate on (VI) is as same as above. Finally we find that (VII) 
becomes 


(VII) = 


A^- 


dBr 


Vdy-a 

- Vd 


)(|nA|' - ifdUl-K (2.47) 


On the other hand, recalling the smoothness of a given in (B) in page [H 
we also have the following estimate for the left-hand side in O2.40p . which is 
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called (L); 


(L) > 


d-2 

4 

C'(£o) 


exdy - Cr" 


/1 4 \ 






dt 


dy 


(2.48) 


\v\-h^Xdy-v -C \Dh:ro\ dx 


y 

dBr Br 


A substitution of fICTll . (fLm . (2311), dUSl), (E3H1) for 

fl2.40p . an integration of it with respect to f G (—r^,r^) verifies 


f Cr"^ 

e\dz < Cel G\dz -{ -^ 


'V/2 


Pr 

2 I \1-K 


dv\ 


dt 


dz + 


C 


u J 

— Br\Bf^ 4>. 


\D{vx - h^o)\‘^dy 


+ - \vxndz 


TTo 


+ / y-^dt 


''(1 - \vx\'^)dz(^j' \vx - h^Sddiy ^ + J \Ko “ a\^ dUy 

C{eo) 


dBr 


dBr 


(1 - \vx\ )dy + 


dt / \vx — h^X dH. 


2 riajd-l 

y 


Br\B 




-r2 dBr 


r\^~ 


dt / (IuaI - Xdni + c / \DhX dz + o(l) (A / oo). 


dBr 


(2.49) 


Integrate fl2.49p from R/2 to R with respect to r and divide it by R to 
obtain 

B? R 


ex dz < Cel / exdz + 


H/4 




Pr 

R 


c 

4R 


- / / * 


-P2 


CR^ 


dv\ 


R/2 Pr\P(i_^4)^ 

C{eo) I 


dt 


dz + 


i?2 


dt J dr J 

-P2 R/2 BAP(i_,4), 

(1 - \vX)dy 
|pa - KXdz 


\D{vx - hXl'^dy 
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+ I ^ )dzf\vx - Ko\ dz 




dvx 


dt 


dz 


(2.50) 


B? 

+ 1 / \^-dt 


-R? 


c 



J i\vx\^-irdy 

J^r\Br/2 

+ \Dh^^\^)dz + o(l) (A Z' oo). 


Pr 


By interchanging the integration of the second and the third terms on the 
right-hand side in (12.50^ and employing Lemma I2.31 we claim 


&xdz < e'en / -I- 


CR^ 


dvx 


dt 


dz 


^R/i 


e(eo) 

i?2 


Za - Ko?dz 


Pr 



+ C / ^ \Dh^^\^)dz + o(l) (A / CX)). (2.51) 


The rest of our proof is perfectly as same as the one by K.Horihata j9]. 


3 WHHF 

3.1 Partial Regularity 

This chapter studies a partial boundary regularity on WHHF constructed in 
K.Horihata [9]. We review two convergent theorems: 

Theorem 3.1 (Convergence). There exist a sub-sequence {ux{v)} {v = 1,2)---) 
of {ux} (A > 0) m 1 /b(Q(T); S^) and a mapping u G Vb(Q(T);S^) such that 
the sequence of mappings {ux(u)} {v = 1, 2) • • •) respectively converges weakly 
and weakly-* to a mapping u in iL^’^(0, T; T|(r2; M^+^)) and L°°{0,T-, M^+^)). 

So does it strongly to the mapping u m L2((0, T); L^(r2; S-^)) and point-wisely 
to it in almost all z G Q{T) as v /’ cxo. 

Theorem 13.11 enables us state the following existence theorem: 
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Theorem 3.2 (Existence). The GLHF converges to a VE/JiJF m L^((0, T); S^)) 

as X oo {modulo a sub-sequence of X). 

Definition 3.3 Let {ma(i/)} = 1,2,...) be the sequence selected above 

and set ex{i,) the Ginzburg-Landau energy density |Vma(j/)P/2 + X{i'Y~'^ 

(|wa(j/)P — 1)^/4. We then denotes M. by 

M{Pr{zq) n Q{T)) = limsup^ [ e\{u)dz, 

\{u)/'oo it J 

Pfl(2o)nQ(T) 

where Pr{zq) is an arbitrary parabolic cylinder. 

Lemma 3.4 (Measured Hybrid Inequality). Assume that a sequence of GLHF 

{ma(j/)} (^ = 1,2,...), respectively converges weakly and weakly-* m i/^’^(0, T;M'^+^)) 

and L°^{0,T;HY\M^;R^+Y) to a WHHF u G Vb(Q;§^) as X{v) / oo. 

Then take the pass to the limit X{i>) oo in Theorem lil.gl to infer the fol¬ 
lowing: For any positive number cq, there exists a positive constant C{eo) 
satisfying C(eo) ^ oo as eo \ 0 such that the inequality 

M{Pr{zo) n Q{T)) < eoM{P 2 R{zo) n Q(T)) 

+ C'(eo) J \u{z) - ho{x)\^dz 

P2r{^o)OQ{T) 

+ C j (|V'(''+^)/"'+^/io(x)|2 + |V/io(a;)|2)d^ (3.1) 

P2Rf\Q{T) 

holds for any parabolic cylinder P 2 r{zq)- 

Likewise L.Simon m Lemma 2, p.31], we can assert the following reverse 
Poincare inequality. 

Corollary 3.5 (Reverse Poincare Inequality). The inequality 03.1 p implies 
that the following 

M{PRi^o)PQiT)) < C j \u{z) - ho{x)\^dz 

P 2 R{zo)nQ{T) 

+ C j {\V^^'^+^^P'^+^hYx)\^ + \VhYx)\Ydz (3.2) 

^’2flnQ(T) 

holds whenever P 2 r{zq) is an arbitrary parabolic cylinder. 
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By combining Corollary 13.51 with passing to the limit X ^ oo with Sobolev 
imbedding theorem and Poincare inequality for the space variables, we can 
describe the following lemma. We refer the proof to Theorem 2.1 in M.Giaquinta 
and M.Struwe [7]. 

Lemma 3.6 There exists a positive number go greater than 1 such that dif¬ 
ferentials Vm of the WHHFu belongs to ((Q, T); (fi; with 


1/2® 

\Vu{z)\^^°dz] < C 


Pr{zo) 


\ 1/2 

|V'u(z)p dz I 
P2r{^o) / 

\ 1 / 2 ® 


cl -f ^ |vho(x)ndz 






(3.3) 


for any parabolic cylinder P2R- 

If we apply 03.21) in Corollary 13.51 to the proof on a partial regularity result 
by Y.Chen [2], Lemma 3.1], we can claim 


Theorem 3.7 For any positive number e, set 

sing(e) = n{‘-o ^ (0,T)xfl; M(Pn(zo)) > ej, 

R>0 

reg(e) = (0, T) x \ sing. 


(3.4) 

(3.5) 


Then there exist some positive number cq and an increasing function g{t) with 
g(0) = 0 and g{t) = 0(f log(l/f)'^’''^) {t \ 0) such that if zq G reg{eo), that 
is for some positive number Rq and positive integer Aq possibly depending on 


Zq, 


implies 


JDcl 

Kq 


e\{z)dz < eo 




sup 

z6^’flo(^o)n(0,T)xII 


SaW < 

rCn 


(3,6) 


(3,7) 


as long as any A is more than or equal to Aq. 

Definition 3.8 In the sequel we respectively mean sing and reg by sing(eo) 
and reg(eo). 
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Lemma 3.9 Pick up any point zq G reg and fix it. On the parabolic cylinder 
-Pro 72 (^ 0 ) which is the half size of the cylinder in 03.71) . we obtain 


\ux{t,x) - ux{s,x)\ < (3.8) 

/to 

for any points t and s in [to — (Po/ 2 )^,to + (Po/ 2 )^] and x G BR^j 2 {xo) with 
zo = ito,Xo). 

Theorem 3.10 (Singular Set). The set o/sing is a closed set and 

n^^\sing) = 0 (3.9) 

holds with respect to the parabolic metric. 

We finally exhibit the strong convergence of (i^ = 1, 2,...) to a WHHF 

u in ’^-topology as X{u) 00 . The estimates of 'H(‘^^(sing) = 0 in 
Theorem 13.101 plays a crucial role in the proof. However since the proof is as 
same as in the one in K.Horihata P, Theorem 3.12], we omit it. 

Theorem 3.11 (Strong Convergent of Gradients of WHHF). For a suitable 
sub-sequence of {X^o)} still denoted by {A(z/)} (z/ = 1,2,...), a sequence of 
the gradients of the GLFIF, {Vma(i/)} (^^ = 1, 2,...) converges strongly to the 
ones of the WHHF m L2((0, T); L|(H; M'^P+d)). 

4 Proof of Main Theorems 

By utilizing a few ingredients and properties on the WHHF and the GLHF, 
this chapter proves Theorem 11.11 Theorem 11.21 and Theorem 11.31 in Chapter 

m 

4.1 Proof of Theorem 11.11 

We discuss a partial boundary regularity on the WHHF constructed above: 
On account of Theorem 13.101 and Theorem 13.111 we obtain 

sing = Pi {zo G ( 0 ,T) X O; ^ J |Vm|^> eo }, (3.10) 

PR{zo)nQ{T) 

reg = (0, T) X O \ sing, (3.11) 

where a number eo is a positive constant appeared in Theorem 13.71 From 
Theorem 13.101 we see that sing is closed. The size of sing is analogously 
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measured as in P Theorem 3.10]; So does the smoothness of our WHHF on 
reg 

We readily see that the WHHF u satishes a monotonical inequality (i) 
and a reverse Poincare inequality (ii) from Theorem 12.11 with Theorem 13.111 
and Corollary 13.51 □ 

4.2 Proof of Theorem 11.2 

The proof is done by a direct combination of Theorem 12.11 and Theorem 13.11 

□ 


4.3 Proof of Theorem 11.3 


If we recall Theorem 13.71 we have only to show that for any point zq = 
{to, Xo), 


12 . ^ 0 ^'" 


iVufdz < 


(3.12) 


Pr(zo)nQ{T) 

holds whereupon r is a positive number. If we use a stereo-graphic projection 
given by the mapping v = {vt) {i = 1,2,..., D) oi 


2n* 


u = 


= 


1 -I- |nP 
1 - \v? 


0 = 1 , 2 , 


(3.13) 


1 -I- |np 

with |np = our equation fll.Sp becomes for n* {i = 1,2,..., D) 

Vn 2 


D 


2=1 


5 / n* X A 

m^l + \v\^^ ^ ' 


+ 4 


1 

By multiplying fl3.14p by n*, we have 
dW{\v\^) 


1 -I- InP 


1 -I- InP 


in Q(T). (3.14) 


dt 


AfF(|np) + 


4|Vn| 

2 

(1 + 

\v\ 

2)2 


= 0 , 


(3.15) 


where the function W is given by 


W{x) = 


(1 — t^) dt 

( 1 + 22)2 


(X e 
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Due to a maximal principle, we verify 


W{\v\^) < W{l-9o), 

with 6*0 = dist(uo(^),'9-Bf )/ 2 . 

While we readily see that there exists a positive integer ko possibly de¬ 
pending on d and 9q such that 

esssupp^^/^^o-iho)^(l^l') - esssupp^^^^^^(,^)W(|nn < el 

because of 

OO 

5^(esssupp^^^^^_^(,„)W(|np) - esssupp^^^^^(,„) iy(|np)) 

k=l 

= esssupp^^(^^) W(|n|^) < C. 

Consequently, by employing 03.151) and a sub-linear estimate on W, we de¬ 
duce 

J \Vu\‘^dz < Cel{do/2’‘)^ < eo(do/ 2 ^)'^ (3.16) 

CiQ/2*^ (^o)n(3(r) 

as long as a positive nnmber eo is less than 1/C. 

Moreover from 03.16^ . an application on a e-regularity theory in which we 
exploit 03■2p or 03■2p to our WHHF u verihes 

\Vu\^dz < (3.17) 

Pr{zo)nQ{T) 

for all positive number r less than where ao is a positive nnmber 

less than 1 and is independent of a point zq and a positive nnmber r. Thus 
we arrive at 

J \Wu\'^dz < eor'^, 

Pg(r)(.^oCQ(T) 

where the function g was dehned in Theorem 13.71 

Here we selected a positive nnmber r so as to be less than (Ceo)^'^“°, which 
conclnde onr claim. □ 
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